Abstract. We discuss the algebraic renormalization of the Yang-Mills gauge field theory in the presence of translations. Due to the translations the algebra between Sorella's δ-operator, the exterior derivative and the BRST-operator closes. Therefore, we are able to derive an integrated parameter formula collecting in an elegant and compact way all nontrivial solutions of the descent equations.
Introduction
In modern physics gauge field theories are essential in describing the properties of matter and its interactions. Usually, such theories are quantized using the BRST-formalism [1] . This technique together with the Quantum Action Principle [2] allow for a fully algebraic proof of their renormalizability [3] . Indeed, one can calculate the invariant lagrangians and anomalies, corresponding to a set of field transformations, as the nontrivial solutions of the BRST consistency condition [4, 5] . The latter constitutes a cohomology problem [6] due to the nilpotency of the BRST-operator. Using the algebraic Poincaré lemma [7, 8] one arrives at a tower of descent equations.
In the case of a pure Yang-Mills gauge field theory an algebraic method for solving the descent equations has been proposed in [9] . It is based on the decomposition of the exterior spacetime derivative as a BRST-commutator 3 ,
However, the algebra between the BRST-operator s g , the exterior spacetime derivative d and the δ-operator does not close. This leads to the presence of a further operator [9] , 2) inducing an additional tower of descent equations, which has to be solved.
Inspired by the results of [10] , we show that an incorporation of the translations into the BRST-transformations leads to the disappearance of the G-operator. Due to this fact we are able to collect the general nontrivial solutions for the cocycles of the descent equations into an integrated parameter formula, which will be analogously derived to the well-known Chern-Simons formula [11] .
The work is organized as follows. In section two the generalized BRST-formalism including translations will be introduced and applied to pure Yang-Mills gauge field theory [12] . The BRST-invariance of the action defining the tree approximation will be expressed by a Slavnov-Taylor identity [3, 12] . Then in section three we present the functional algebra obeyed by the Slavnov-Taylor operator and further functional differential operators which appear in the constraints defining the tree approximation of the theory. In section four we study the algebraic renormalization. We proof the stability of the action defining the tree approximation and the discussion of the anomaly problem will be done. In section five we show that the general nontrivial solution for the cocycles of the descent equations corresponding to the full BRST-operator s is given in terms of the general nontrivial solution for the cocycles of the descent equations in the gauge sector. Moreover, the decomposition of the exterior spacetime derivative as a BRST-commutator will be discussed. Guided by Stora's derivation of the Chern-Simons formula [11] , we derive an integrated parameter formula (see also [10] ), which presents an elegant and compact way to collect all the cocycles of the descent equations in the gauge sector in one expression. This integrated parameter formula will be used to compute the gauge anomaly in four dimensions.
The Yang-Mills model
The classical dynamics of pure Yang-Mills gauge field theory is defined by the gauge invariant action
The field strength F µν is related to the gauge field A µ by the structure equation
2)
The gauge transformation of the gauge field is given by Moreover, the classical action (2.1) is also invariant under infinitesimal translations in the Minkowskian space-time, 4) with ε λ as the infinitesimal global parameter of translations obeying ∂ µ ε ν = 0.
In order to combine the gauge invariance and the global invariance under translations into a single one, we define the generalized gauge transformations according to
To quantize the model we introduce the corresponding nilpotent BRST-operator [1] , 6) where s g and s T are the BRST-operators corresponding to the gauge transformations and the translations, respectively. The latter obey the algebra
Explicitely, the several BRST-transformations are given by 8) where c is the Lie-algebra valued gauge ghost and ξ µ is a global ghost associated to the translations, obeying ∂ µ ξ ν = 0.
4 As usual, Greek indices refer to the Minkowskian space-time. 5 Gauge group indices are denoted by capital latin letters. The matrices T A are hermitian and traceless, and they obey [
where f ABC are the real and totally antisymmetric structure constants of the gauge group.
Pure Yang-Mills gauge field theory in the tree approximation is described in the Landau gauge by the action [3, 12, 13] 9) where 10) are respectively the gauge invariant classical action, the sum of the gauge fixing term and the Faddeev-Popov term, and the source term. Before discussing S inv , S gf + S ΦΠ , S ext and explaining the fields appearing in Γ (0) , we present the BRST-transformations of the remaining fields: 11) whereby the antighostc and the multiplier field b transform as a BRST-doublet in the gauge sector. The external sources ρ µ and σ are BRST-invariant in the gauge sector. Due to the nilpotency of the BRST-operator the sum of the gauge fixing term and the FaddeevPopov term as well as the source term are invariant under the BRST-transformation.
The sum of the gauge fixing term and the Faddeev-Popov term becomes .12) In addition, the source term is given by
The partial derivative ∂ µ does not change the ghost number, whereas the BRST-operator raises the ghost number by one unit. The canonical dimension and the ghost number of the gauge field A µ , the gauge ghost c, the antighostc, the multiplier field b, the external sources ρ µ and σ and the global translation ghost ξ µ are collected in the following table: 
The functional algebra
The Slavnov-Taylor identity in the gauge sector,
with 2) and the Ward-identity describing the invariance under translations, 3) where the generator of the translations is given by 4) can be collected into a single Slavnov-Taylor identity
The Slavnov-Taylor identity (3.5) describes the invariance of Γ (0) under the BRSTtransformations (2.8) and (2.11) .
The gauge condition is given by 7) and the global ghost equation, ∂Γ 8) shows that the action defining the tree approximation does not depend on the global translation ghost ξ µ .
Moreover, one can derive a local antighost equation which controls the dependence of Γ (0) on the antighostc. It can be obtained by commuting the gauge condition with the Slavnov-Taylor identity (3.5) : 9) with the local antighost operator G(x) 7 .
In the Landau gauge [3, 13] one can derive an integrated ghost equation which controls the dependence of Γ (0) on the ghost field c. By calculating the functional derivative of Γ (0) with respect to the ghost field c and using the gauge condition one finds [3] 3.10) One observes that the nonlinear terms appear in a total divergence. Therefore, an integration over spacetime will remove the nonlinear terms. This leads to the integrated ghost equation 11) where H denotes the integrated ghost operator and
is a classical breaking, i.e. it is linear in the quantum fields.
The invariance of the action defining the tree approximation under rigid gauge transformation is expressed by the Ward-identity (3.13) where the Ward-identity operator W rig is given by
14)
The Slavnov-Taylor operator acting on an arbitrary functional F with even ghost charge is
, (3.15) and the linearized Slavnov-Taylor operator can be written as
The functional algebra which is valid for any functional F with even ghost charge is given by the following relations:
• The nilpotency of the Slavnov-Taylor operator is contained in the two following identities:
• Commuting the partial derivative with respect to the global translation ghost with the Slavnov-Taylor operator, one gets
• Commuting the gauge condition with the Slavnov-Taylor operator, one obtains
• Commuting the integrated ghost operator with the Slavnov-Taylor operator, gives
4 Renormalization, stability and anomalies
The aim of the renormalization is to construct an extension of the theory at the tree level to all orders of perturbation theory. This extension will be described by the vertex functional, 1) generating the 1PI Green functions. One has to examine whether this vertex functional obeys a Slavnov-Taylor identity, being nonlinear in Γ,
Since the constraints being linear in the quantum fields are renormalizable to all orders of perturbation theory, the following relations are valid [3, 13] :
3)
• the integrated ghost equation,
• the global ghost equation, ∂Γ ∂ξ µ = 0 , (4.5)
• the local antighost equation,
• the invariance under rigid gauge transformations,
• the invariance under translations,
Within the framework of the algebraic renormalization procedure [3] , based on the general grounds of power counting and locality, the discussion of the extension of the theory in the tree approximation to all orders of perturbation theory is organized according to two independent parts: First, the study of the stability of the classical action under radiative corrections. This amounts to find the invariant counterterms and to check if they all correspond to a renormalization of the free parameters of the classical theory. Second, the search for anomalies, i.e. the investigation whether the symmetries of the theory survive in the presence of radiative corrections.
Stability
In order to check that the action in the tree approximation is stable under radiative corrections, one perturbs it by an arbitrary integrated local functional Σ c , 9) where α is an infinitesimal parameter with vanishing canonical dimension and vanishing ghost number. The functional Σ c has the same quantum numbers as the action in the tree approximation 8 .
One requires that the perturbed action Σ satisfies the same constraints defining the theory at the tree level, i.e. (4.2)-(4.8). The perturbation Σ c a priori depends on all fields and on the parameter
The gauge condition, the integrated ghost equation and the global ghost equation together with the same constraints for the action at the tree level imply
Therefore, the perturbation Σ c does not depend on the multiplier field b(x) and the global translation ghost ξ µ , i.e. (4.13) the dependence on the ghost c(x) has to be a total divergence. The local antighost equation, the invariance under rigid gauge transformations and the invariance under translations together with the same constraints for the action at the tree level imply
From eqs. (4.11) and (4.14) follows
The local antighost equation G(x)Σ c = 0 suggests the following change of field variableŝ
Then the local antighost equation becomeŝ
Therefore, the perturbationΣ c depends on ρ µ andc only through the combinationρ
Applying the Slavnov-Taylor operator to the perturbed action, one gets
Using the Slavnov-Taylor identity for the action in the tree approximation (3.5) , the Slavnov-Taylor identity imposed to the perturbed action (4.9) translates at the first order in α into the following condition on the perturbation Σ c :
This equation is the BRST consistency condition in the ghost number sector zero. It constitutes a cohomology problem, due to the nilpotency of the linearized Slavnov-Taylor operator,
which follows from the validity of the Slavnov-Taylor identity for the action in the tree approximation (3.5) , where (3.18) has been used. The solution of the BRST consistency condition in the ghost number sector zero can always be written as the sum of a trivial cocycle S Γ (0)Σ, whereΣ has ghost number −1, and the nontrivial elements belonging to the cohomology of S Γ (0) in the ghost number sector zero, i.e. which cannot be written as
The trivial cocycle S Γ (0)Σ corresponds to field renormalizations which are unphysical. Using the functional derivatives of Γ (0) with respect to the gauge field A µ , the gauge ghost c and the classical external sources ρ µ and σ, the invariance ofΣ c under translations and since δΣ c /δb(x) = 0, the BRST consistency condition reads in the new variables
is an integrated local functional with canonical dimension zero and ghost number zero obeying the following set of constraints:
• the invariance under rigid gauge transformations, (4.27) • the invariance under translations,
28)
• and the BRST-consistency condition,
where the abbreviation
has been used.
It will be shown in the appendix that the solution of the set of constraints (4.26)-(4.29) is given byΣ 4.31) which is the most general nontrivial perturbation of the action in the tree approximation. The perturbationΣ c depends on the parameter k which corresponds to a possible multiplicative renormalization of the gauge coupling constant g being set in the whole work equal to one. This is an algebraic result which just shows that the nontrivial invariant counterterm (4.31) can be reabsorbed into the action at the tree level by a renormalization of its coefficient. It means that no new terms appear at the n-loop levels with n ≥ 1. Therefore, the action in the tree approximation is stable.
Anomalies
In the following we investigate if the BRST-symmetry is preserved in the presence of radiative corrections. Indeed, the aim of the renormalization procedure is to examine Actually the program will fail because the nonlinear Slavnov-Taylor identity (4.2) will turn out to be anomalous S(Γ) = r∆ AB , (4.32) where ∆ AB is the anomaly to be derived in the following and r is a well-known function of orderh of the coupling constant g, which however cannot be determined by the pure algebraic method used here. The search for the breaking ∆ AB of the Slavnov-Taylor identity requires some care.
The breaking is controlled by the quantum action principle, which implies (4.33) where the quantum breaking ∆ · Γ is, at lowest order inh, an integrated local functional
with canonical dimension zero and Faddeev-Popov charge one. Thus one gets
Applying the linear functional differential operator S Γ and using the algebraic relation (3.17) one gets Therefore, the integrated local functional ∆ obeys the BRST consistency condition in the ghost number sector one,
The functional algebra (3.19)-(3.21) , written for the functional Γ, the renormalized constraints (4.3)- (4.8) , and the broken Slavnov-Taylor identity (4.35) lead to the following set of constraints which the breaking,
has to obey:
The constraints (4.41) and (4.43) imply that the breaking ∆ does not depend on the multiplier field b(x) and the global translation ghost ξ µ ,
The integrated ghost equation (4.42) becomeŝ (4.48) stating that the dependence of the breaking ∆ on the ghost c(x) has to be a total divergence. The local antighost equation (4.44) will be transformed by the following change of field variables,ρ 4.49) into the equationĜ (4.50) This implies that the breaking ∆ depends on ρ µ andc only through the combination
Furthermore, the breaking ∆ has to be invariant under the rigid gauge transformations and translations. The BRST consistency condition,
constitutes a cohomology problem in the space of integrated local functionals with dimension zero and ghost number one due to the nilpotency of the linearized Slavnov-Taylor operator S Γ (0) , i.e.
which follows from the validity of the Slavnov-Taylor identity (3.5) . The solution of the BRST consistency condition (4.52) can always be written as the sum of a trivial cocycle S Γ (0)∆, where∆ has ghost number zero, and the nontrivial elements belonging to the cohomology of S Γ (0) in the ghost number sector one, i.e. which cannot be written as
The trivial cocycle S Γ (0)∆ can be absorbed into the vertex functional Γ as an integrated local noninvariant counterterm −h∆,
leading to
The construction of the explicit form of the anomaly ∆ * is explained in the final part of this subsection. The BRST consistency condition in the ghost number sector one becomes in the new variables (4.49)
with the abbreviation (4.30). Before solving the consitency condition (4.57), i.e. deriving the anomaly ∆ * , one eliminates the dependence of ∆ on the external sourcesρ µ and σ. The most general dependence on σ which is compatible with dimension and ghost number is [3] 
where l 1 is an arbitrary constant and the low dots denote the terms which are independent of σ. Using The most general dependence onρ µ which is compatible with dimension and ghost number is given by [3] 
where now the low dots denote the terms which are independent ofρ µ and R µ (A, c) is the most general polynomial depending on A µ and c with canonical dimension one and ghost number two
The constants l 2 , l 3 , l 4 , l 5 and l 6 are arbitrary. In order to restrict the coefficients l 2 , l 3 , l 4 , l 5 , l 6 one uses the BRST consistency condition (4.57) and the fact that the σ-dependence has been already eliminated, (4.62) . Writing only the terms depending onρ µ , the l.h.s of the consistency condition becomes
The consistency condition (4.57) implies the following relations between the constants l 2 , l 3 , l 4 , l 5 , l 6 :
and R µ (A, c) becomes
Therefore, the most general dependence onρ µ is given by
Moreover, it follows that ∆ can be written as the S Γ (0) -variation of
up to terms independent ofρ µ which are denoted by the low dots,
Hence theρ µ -dependence of the breaking ∆ is trivial and it can be absorbed into Γ according to eq.(4.55), which leads to
From eqs.(4.62) and (4.71) follow that the breaking ∆ is independent ofρ µ and σ. Therefore, it does only depend on A µ and c,
(4.72)
Finally, let us discuss the well-known derivation of the breaking (4.72). It will be shown that it is equal to the gauge anomaly in four dimensions. The breaking (4.72) is the general nontrivial solution of the BRST consistency condition,
Moreover, it obeys the integrated ghost equation, (4.74) the Ward-identity describing the invariance under rigid gauge transformations, (4.75) and the Ward-identity describing the invariance under translations,
The general nontrivial solution of the set of constraints (4.73)- (4.76) is given by the Adler-Bardeen nonabelian gauge anomaly, ∆ = rA,
The actual presence of the gauge anomaly depends on the nonvanishing of its coefficient r, which cannot be determined by the algebraic renormalization [3] .
The explicit calculation of (4.77) is presented in [9] , where an operator δ, which allows to decompose the exterior derivative, [δ,
is introduced. In [9] the algebra between the operators s g , d and δ does not close. This leads to the presence of a further operator, 4.79) inducing an additional tower of descent equations which has to be solved in order to compute the general nontrivial solution of the descent equations [9] .
In the next section an alternative algebraic method to solve the BRST consistency condition will be presented. It is based on the use of the full BRST-operator, (4.80) including the translations, which allow for avoiding the operator G. This will be possible due to the fact that the s-cohomology is isomorphic to that of s g up to trivial contributions.
The BRST consistency condition
The renormalization procedure discussed before has led to find the general nontrivial solution of the BRST consistency condition,
which constitutes a cohomology problem due to the nilpotency of the BRST operator in the gauge sector, s
The integrated local functional ∆ turned out to depend on the gauge field A µ and the ghost field c only, ∆ = ∆[A µ , c]. As proven by [4, 5] , the use of the calculus of differential forms is no restriction to the generality of the solution of the BRST consistency condition (5.1). Writing
x is a volume form, the BRST consistency condition (5.1) translates into the local equation 
It is a cohomology problem with respect to s g modulo d. Using the algebra, s 2 g = 0, d 2 = 0, {s g , d} = 0, and the algebraic Poincaré lemma [7] one gets the tower of descent equations,
The last equation of the tower is a local cohomology problem with respect to s g .
In order to derive an alternative algebraic method for solving the descent equations (5.6), the relation between the solution of the s modulo d cohomology and the solution of the s g modulo d cohomology has to be analyzed.
The cohomology
In order to be quite general, the BRST consistency condition corresponding to the full BRST-operator,
will be discussed in a spacetime with N dimensions. The integrated local functional Ξ = Ω 0 N is assumed to depend on A µ , c and ξ µ , 8) where ξ µ plays the role of a parameter. The corresponding descent equations are
The cocycles Ω k N −k can be expanded as series in powers of ξ µ . The expansion of the BRST operator as a series in powers of ξ µ is
Introducing the counting operator 11) one gets 12) with
Moreover, one has 14) with [N ξ , s (0) ] = 0 and [N ξ , s (1) ] = s (1) . The descent equations (5.9) become
Arranging then the terms with respect to increasing power in ξ µ , one obtains
where we have taken into account that the product of (N + 1) translation ghosts automatically vanishes in a spacetime with N dimensions, i.e. s (1) (Ω N 0 ) (N ) = 0. The basis lemma [14] (5.17) states that a series in powers of ξ µ is identically to zero if and only if each coefficient is equal to zero. Therefore, the descent equations (5.9) devide into a set of descent equations according to the power of ξ µ .
Since s (0) = s g , the descent equations in the ξ µ -sector 0, (5.18) coincide with the descent equations of the gauge sector, 19) and one has (
A nontrivial solution for Q 0 N represents an invariant Lagrangian in a spacetime with N dimensions, whereas a nontrivial solution for Q 1 N −1 represents a candidate for an anomaly in a spacetime with N − 1 dimensions. Generally, the descent equations in the ξ µ -sector l can be collected as follows:
In order to solve the descent equations in the ξ µ -sectors l ≥ 1 one defines the operator (5.22) obeying the following algebraic relations:
We continue with the discussion of the descent equations in the ξ µ -sector 1. Using the algebraic relation (5.23), the first descent equation in this sector, (5.25) Since the d cohomology is trivial [3, 8] , one obtains the result
Analogously, the next N − 1 descent equations in the ξ µ -sector 1 lead to (5.27) One can show that the last descent equation in this sector is then automatically fulfilled (5.28) In the same manner one finds that the general nontrivial solution for the cocycles of the descent equations (5.9) can be expressed in terms of the general nontrivial solution for the cocycles of the descent equations in the gauge sector (5.19) as follows
In particular the solution of the last descent equation in (5.9) becomes Since Ω N 0 can be represented by an integrated parameter formula, as it will be shown in the following, it is easier to solve the local equation (5.31) instead of solving the tower of descent equations in the gauge sector.
The decomposition
In the preceding subsection it has been shown in (5.29 ) that the general nontrivial solution for the cocycles Ω k N −k of the descent equations (5.9) can be expressed in terms of the general nontrivial solution for the cocycles Q k N −k of the descent equations in the gauge sector (5.19) .
Defining the operator δ as [d, δ] is absent, in contrary to [9] . Therefore, the algebra between the BRST operator, the exterior derivative and the δ-operator is closed, (5.34) Using the counting operators (5.36) or generally,
Therefore, one obtains the recursive relation
The solution of the recursive relation is given by (5.40) which is valid for k = 0, . . . , N.
An integrated parameter formula
In this subsection an integrated parameter formula for the general nontrivial solution of the local equation sΩ 
and reducing the dimension of spacetime by one, the gauge anomaly in 2k − 2 dimensions will be recovered as Q 1 2k−2 . Moreover, it will be shown that Q 0 2k−1 is the Chern-Simons term in 2k − 1 dimensions.
In order to find the integrated parameter formula for Ω 2k−1 0 we use the calculus of forms. The 1-form gauge field and the associated 2-form field strength are given by
The Bianchi-identity reads
where D = dx µ D µ denotes the covariant exterior derivative with respect to the 1-form gauge field. The BRST-transformation of the 1-form gauge field becomes
Introducing the shifted gauge ghostĉ
the BRST-transformations of the 1-form gauge field and the shifted gauge ghost are (5.46) with the ghost field strengthF 
Defining a generalized covariant BRST-operator
It follows a remarkable correspondence, which will be revealed by the following summary. This correspondence is peculiar to the full BRST-operator s including the translations.
• The 1-form gauge field corresponds to the shifted gauge ghost,
• The 2-form field strength corresponds to the ghost field strength,
• The covariant exterior derivative corresponds to the generalized covariant BRSToperator,
• The Bianchi-identity corresponds to the generalized covariant BRST-transformation of the ghost field strength,
The generalized covariant BRST-algebra is now given by
Guided by the well-known derivation of the Chern-Simons formula [11] ,
with (5.57) and using the presented correspondence it will be easy to derive an integrated parameter formula for the general nontrivial solution of the local equation
We introduce the interpolating shifted gauge ghost
withĉ(0) = 0 andĉ (1) =ĉ, and the associated ghost field strengtĥ
withF (0) = 0 andF (1) =F . Defining an interpolating generalized covariant BRSToperatorŜ
withŜ 0 = s andŜ 1 =Ŝ, one gets the following identities
Therefore, in a spacetime with 2k dimensions one has
Using the nilpotency of the BRST-operator and the fact that T r(F k ) = 0 in a spacetime with 2k dimensions, one concludes that k T r From the integrated ghost equation (4.26) follows that the functional derivative ofΣ c with respect to c(x) has to be a total divergence. Therefore, one has Hence the most generalρ µ -dependence of the perturbationΣ c is trivial. In order to find the most general nontrivial expression forΣ c one can thus assume 
